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Electrostatics of non-neutral biological microdomains
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Voltage and charge distributions in cellular microdomains regulate communications, excitability,
and signal transduction. We report here new electrical laws in a cell, which follow from a nonlinear
electro-diffusion model. These newly discovered relations derive from the geometrical cell-membrane
properties, such as membrane curvature, volume, and surface area. These electro-diffusion laws can
now be used to predict and interpret voltage distribution in cellular microdomains.
Electro-diffusion in cellular microdmains remains dif-
ficult to study due to the lack of specific sensors and the
theoretical hurdle of understanding charged particle in
shaped geometrical domains. The diffusion of charged
particles is largely influenced by the interaction of diffus-
ing ions with the electrical field generated by all charges
in the solution and possibly with external field.
The dielectric membrane of a charged biological cell also
affects the electric field, because it creates image charges.
So far, only a few electro-diffusion systems are well un-
derstood. For example, although the electrical battery
was invented more than 200 years ago, designing optimal
configurations is still a challenge. On the other extreme,
ionic flux and gating of voltage-channels [1] is now well
explained by the modern Poisson-Nernst-Planck (PNP)
theory of electro-diffusion, because at the nanometer
scale, cylindrical symmetry of a channel model reduces
computations to a one-dimension model for the elec-
tric field and charge densities in the channel pore [2–5].
However, cellular microdomains involve two- and three-
dimensional neuronal geometry [6–10], which makes the
analysis of the PNP equations much more complicated
than in the cylindrical geometry of a channel pore.
We report here recent results about the distribution of
charges and field, obtained from the analysis of the non-
linear PNP model of electro-diffusion in various geome-
tries of microdomains in the absence of electro-neutrality.
In our model the entire boundary is impermeable to par-
ticles (ions) and the electric field satisfies the compati-
bility condition of Poisson’s equation. Phenomenological
descriptions of the electro-diffusion, such as cable equa-
tions or the reduced electrical-engineering approximation
by resistance, capacitance, and even electronic devices,
are insufficient for the description of non-cylindrical ge-
ometry [11], because they assume simple one-dimensional
or reduced geometry.
Electrostatic theory with no electro-neutrality
In the absence of electro-neutrality and with charge dis-
tributed in a bounded domain surrounded by a dielectric
membrane, the PNP model for total charge Q = zeN ,
where e is the electronic charge, and the charge density
ρ(x, t), is given by [12] for x ∈ Ω,
D
[
∆ρ(x, t) +
ze
kT
∇ (ρ(x, t)∇V (x, t))
]
=
∂ρ(x, t)
∂t
, (1)
D
[
∂ρ(x, t)
∂n
+
ze
kT
ρ(x, t)
∂V (x, t)
∂n
]
= 0 , x ∈ ∂Ω (2)
ρ(x, 0) = q(x) , x ∈ Ω,(3)
where V (x, t) is the electric potential in Ω. It is the
solution of the Poisson equation
∆V (x, t) = −zeρ(x, t)
εε0
for x ∈ Ω (4)
with the boundary condition
∂V (x, t)
∂n
= −σ(x, t) for x ∈ ∂Ω, (5)
where σ(x, t) is the surface charge density on the bound-
ary ∂Ω. In the steady state,
σ(x, t) =
Q
εε0|∂Ω| . (6)
Then (1) gives the density
ρ(x) = N
exp
{
−zeV (x)
kT
}
∫
Ω
exp
{
−zeV (x)
kT
}
dx
, (7)
hence (4) gives
∆V (x) = −
zeN exp
{
−zeV (x)
kT
}
εε0
∫
Ω
exp
{
−zeV (x)
kT
}
dx
, (8)
and (5) gives the boundary condition
∂V (x)
∂n
= − zeN
εε0|∂Ω| for x ∈ ∂Ω, (9)
which is the compatibility condition, obtained by inte-
grating Poisson’s equation (4) over Ω.
The concept of charge screening, which makes the in-
duced field decay exponentially fast away from a charge
[13], does not apply and long-range correlations lead to
a gradient of charges, as is the case, for example, in a
ball without inward directed current. By solving (8) nu-
merically and asymptotically, a new capacitance law was
derived for an electrolytic solution in a ball [12], where
the difference of potentials between the center and the
2FIG. 1. Numerical evaluation of voltage distribution in a corrugated cylinder. A-B-C-D. Voltage distribution computed
for λ = 1 (A-C) and λ = 2000 (B-D). The boundary of the cylinder around the symmetry z−axis is defined by the curve
γ(z) = 1+0.5 sin (2piz/L), where L is a parameter (L = 2µm A-B., and L = 0.1µm C-D). E. Voltage differences V (C)−V (Q)
(dashed line) and V (P )−V (C) (solid line) vs. λ, computed for L = 0.1µm (red) and L = 2µm (blue, green), where P (resp. Q)
is the maximum (resp. minimum) of the curve γ(z) and C is defined by V (C) = min(V ).F-G-H-I. Isopotential lines in the yOz
plane, computed for various (λ,L): F. (1, 2), G. (1, 0.1), H. (2000, 2), and I. (2000, 0.1). J. Voltage difference V (P ) − V (Q)
versus λ, computed for L = 2µm (blue) and L = 0.1µm (red). The inset in panel J is a magnification of the small λ region.
surface, V (C)−V (S), increases with the total number of
charges, first linearly and then logarithmically
V (C)− V (S) ≈ −2kT
ze
log
(ze)2N
εε0kT
. (10)
The effect of the geometry on the voltage and the charge
distribution for other cell shapes is described below.
Local curvature at a cell boundary influences the
field and charge distribution
Axons and dendrites are not perfect cylinders and the
curvature of their surfaces has many local maxima [14].
It turns out that this local curvature can influence the
local voltage significantly, as shown in numerical solu-
tions of the PNP equations (Fig. 1), which reveal that
regions of high curvature correspond to local charge accu-
mulation. This effect should be sufficient to influence the
voltage by creating a measurable local voltage increase of
the order of a few millivolts.
The voltage can vary inside the cylinder and also along
curved surfaces (Fig. 1A-B) and can depend on changes
in curvature and in the total number of charges N (Fig.
1C-F). Another interesting property of the curvature is
that it creates a narrow boundary layer in the voltage
(Fig. 1D-F).
Note that the previous computations assume one specie
only and in practice, due to the presence of other ions,
N or λ = (ze)
2N
εε0kT
should only represent the excess of pos-
itive charges. Thus in practice, we expect λ ≈ 10 − 50,
leading to voltage fluctuations of few mV. Consequently,
the resting electric potential drop at cross-membrane and
the resting voltage of voltage-gated channels along a den-
drite may differ at different points, depending on curva-
ture. This may affect the propagation and genesis of
local depolarization or back propagation action potential
in dendrites of neuronal cells [15].
A cusp-shaped funnel can influence charge distri-
bution
The connection between different cellular compartments
is usually possible through narrow passages that form
cusp-shaped funnels, which have negative curvature (see
the example described below) (Fig. 2A). We observe
that the cusp-shaped funnel prevents the entrance of
charges, at least when their number does not exceed a
given threshold (Fig. 2B-F). Therefore, there is a differ-
ence of steady state potential drop between the end of
the funnel and the rest of the domain.
For a domain Ω with a cusp-shaped funnel F formed
by two bounding circles A and B of radii R (see Fig.
2A), the opening of the funnel is ε ≪ 1. The volume
of the domain surface is |∂Ω|. For a non-charged funnel
the boundary condition 5 on the boundary of the funnel
becomes ∂V (x,t)∂n = 0 for x ∈ F . The difference of poten-
3FIG. 2. Distribution of charge and voltage in a domain with a narrow funnel. A-B. Voltage distribution obtained for
λ = 1 (A) and λ = 3000 (B (ε = 0.01µm). C. Difference of voltage between V (C) − V (S) versus λ (blue) compared to the
logarithmic function kT
e
lnλ2 + Cste, where S, N and C are the south, north pole and the center of mass respectively. D.
Voltage distribution evaluated along the z−axis, for λ = 1 (red), λ = 150 (green), and λ = 3 · 103 (dashed blue). The inset
in panel D. represents a magnification in the region of the pole S. E. Voltage difference V (N) − V (S) between the two poles
versus λ. The inset in panel E is a magnification in the small λ region.
tial between the center of the two-dimensional domain
and the end of the cusp is obtained by solving 8 using
the conformal mapping method for the Laplace equation
[16], leading to: for λ≫ 1,
V (S)− V (C) = kT
ze
log
(
29R
3/2
c |∂Ω|√ε
pi6λ2
)
+O(1), (11)
where Rc is the radius of curvature at the cusp. This
difference of potential should be compared with the one
between the north pole [12] and the center given by
V (N)− V (C) = kT
ze
log
(
8pi
8pi + λD
)2
. (12)
where λD = 2piλRl/|∂Ω| (Rl is the radius of the external
domain Ω). We conclude in the limit of λ≫ 1 and ε˜→ 0
that the difference of potential between the end of cusp
S and the north pole N in the domain is obtained by
adding (12) and (11) and we get
V (S)− V (N) = kT
ze
ln
(
29R
3/2
c |∂Ω˜|
√
ε˜
pi6
)
(13)
+ 2
kT
ze
ln
(
Rl
4|∂Ω˜|
)
+O
(
1
λ
)
.
When the funnel is charged, the boundary condition in-
side the funnel is given by 9, in that case, the difference
of potential inside the cusp is
V (S)− V (N) = 2kT
ze
ln
(
pic2Rl
16Rc
)
, (14)
where c is a constant that only depends on the geometry
and Rc the radius of curvature at the cusp. At this stage,
we conclude that the curvature at the cusp could be an
interesting free parameter in the design of optimized
nano-pipette to regulate the molecular and ionic fluxes.
These pipettes were recently designed to record voltage
in dendritic spines [17].
Voltage in a flat ellipsoidal electrolyte
Numerical solutions of the PNP equations 8 (Fig.
3A) show the effect of local charge accumulation in a
flat ellipse in two dimensions, in particular there is a
maximum of the difference of potential V (A) − V (B)
between the end point of the small and long ellipse axis
(fig. 3B-C). The voltage along each axis is shown in
fig. 3D-G. The elliptic domain can represent the cross
section of an axon, and confirms the effect of curvature
discussed in the previous sections. Specifically, that
charges accumulate near the boundary of highest curva-
ture. The equipotential contours are shown in Fig. 3G-L.
4FIG. 3. Voltage distribution computed numerically in a narrow ellipse. A. Representation of the elliptic two-
dimensional domain Ω, where a and b are the major and the minor axis respectively. B. Voltage difference V (b)− V (a) versus
λ, obtained for a = 1 and b = 0.1 (red), b = 0.05 (yellow) and b = 0.01 (blue). C-E Voltage distribution computed along the
x−axis for different values of b and λ: λ = 1 (red), λ = 10 (green), λ = 100 (dashed blue) and λ = 500 (dashed magenta). D-F
Voltage distribution computed along the minor axis Oy, for b = 0.1 (panel D.) and b = 0.01 (panel F.). G-L. Equipotential
contours computed for a = 1 and varying (b, λ). The red values represent the minimal potential while the blue ones are the
maximal potential.
To conclude, local changes in geometry, non-electro-
neutrality, and dielectric boundary affect charge distri-
bution in electro-diffusion of electrolytes, as shown here
and [11, 12, 18].We presented here a model with only one
specie, but in reality multiple positive and negative ions
are mixed in solution. We applied the present electro-
diffusion model to capture the consequence of an excess
of positive ions. Consequently, the large value for the
voltage and voltage differences that we obtained for the
large charge limit λ → ∞ are probably attenuated in a
mixed ionic solution, when the electro-neutrality remains
broken.
The present results should be of significant consequences
for neurons, sensory and glial cells, and many more. In-
deed, local curvature is associated with gradient of charge
density that can affect the electrical properties of micro-
compartments [19–21]. In all cases, the density of charge
accumulates near boundary points of locally maximal
curvature. These results can further be used to design
nano-devices such as pipettes and to better understand
voltage changes inside dendrites and axons. Future anal-
ysis should reveal charge distribution during transient
current.
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